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Response of a Liquid Column to Counterdirectional Excitation

Helmut F. Bauer*
Institute of Space Technology,
University of the German Armed Forces, Munich, Germany

A finite cylindrical liquid column consisting of incompressible and frictionless liquid subjected to a counter-
directional axial harmonic excitation is modeled. The liquid system is assumed to be in a zero-gravity environ-
ment and held together by surface tension, which acts as the restoring force. The response of the system has been
determined for a free surface elevation and velocity distribution. In addition, transient behavior was treated and
damping introduced in the resonance terms. It was found that the first resonance response is sharply tuned and
could easily be missed by a sweeping experiment. The investigation was performed for the design of the German

D-2 Spacelab-mission ‘“LICORE.”

Nomenclature
a =radius of liquid column
h =length of liquid column
Iy, I, =modified Bessel functions
j2 =liquid pressure '
e,z = cylindrical polar coordinates
t =time
u,w =radial and axial velocity, respectively
v =liquid velocity vector
Z0:22 =exc_:itation amplitudes in axial direction
Qo = — Dpwan Hiww1-¢2,
P =liquid density
o = surface tension
& =velocity potential
®, = velocity potential in time region 7 <0
®, = velocity potential in time region ¢ >0
®, = final velocity potential for ¢ — oo (after transient

has been damped out)

3 =transient velocity potential

e =liquid free surface displacement

$ = free liquid surface displacement in time region
t<0 '

§ = free liquid surface displacement in time region
t>0

$, =final free liquid surface displacement for ¢ — o

- (after transient has been damped out)

¢ =transient free surface displacement

¢ =damping factor of liquid

Q,0,92, = forcing frequencies

Wap =natural frequencies

I. Introduction

HE vibration of cylindrical liquid bridges in microgravity

or zero gravity has for recent years attracted the attention
of experimenters trying to perform processes and experiments
in an orbiting space laboratory.!-3 The cylindrical column for
such experiments is the most favored geometry. The oscilla-
tion of the cylinder’s free liquid surface, which in the absence
of gravity is held together by surface tension, is detrimental to
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the manufacturing process. Knowledge of the magnitude of
the oscillatory frequencies of such a liquid column is of impor-
tance since it provides the range of frequencies to be avoided
during the experiment or the manufacturing process. Such
disturbances may appear as the result of the so-called g jitter
of the space laboratory, the motion of its crew, the operation
of onboard machines and instruments, or similar sources. For
this reason, an experiment will be performed, under the title
“Liquid Column Resonances” (LICORE), on the next Ger-
man D-2 mission where the natural frequencies and response
of a cylindrical liquid column will be studied experimentally.

In the course of these experiments, the liquid column shall
be excited axially by a harmonic motion. To support these
experiments, a theoretical model of the vibrational behavior
of the liquid column is required before the flight in order to
maximize the results of the orbital experiment. Linearized
theory has been used previously*!2 to determine the natural
undamped and damped frequencies for frictionless, viscous,
and even viscoelastic liquids. Even the nonlinear free oscilla-
tion case for a finite frictionless liquid column was recently
computed. ! )

For the harmonic excitation of the complete liquid
column, ! the response has been determined to contain only
the odd resonances. An experiment may, however, be per-
formed using a mechanism with counterdirectional excitation,
for which quite another set of resonances (i.e., even ones)
appears. In this paper, the harmonic response corresponding
to this excitation mode and the critical transient behavior
appearing during frequency sweeping shall be investigated in

~ detail.

I1. Basic Equations

A cylindrical liquid bridge of diameter 22 and length A
consists of incompressible and frictionless liquid (Fig. 1). It is
excited in a counterdirectional fashion (i.e., the top, at z = %,
undergoes displacement —Zz,e™, while the bottom at z = —g
moves with Zee™, where %, is the excitation amplitude and Q
the forcing frequency). For this liquid column, the response of
the liquid, which is held together by the liquid surface tension,
has to be determined. Assuming irrotational flow, the velocity
can be represented as the gradient of a velocity potential
&(r,z,¢), from which all mechanical values of interest may be
obtained by differentiation or integration. Satisfying the con-
tinuity condition v ev=0, the velocity potential (v= v &) has
to fulfill the Laplace equation:

V=0 m
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z Z,ei0f with the homogeneous boundary conditions at the top and
¥ " bottom of the column, i.e.,
Z:z+ h/2
q N h
(z,t) _— atz=x — 9
% %Z % z 2 &)
The value Z; is the excitation amplitude in axial direction. The
h free surface condition, Eq. (5), yields
o [0V PV z?
PV +— | — +a>— | =iz > =
oa? <ar a 6r3z2> ¥z h atr=a (10)
z:-hy, _ A solution of Eq. (8) is given by
If\ ioelm
d 2nxz
o ¥0:0) = o) + T Ao ) cos (] ) an
Fig. 1 Geometry and coordinates of liquid column. el h
which renders
here V?= & + l_‘?_ + a_z for axisymmetric motion. This 1 2iQ3

waere V= T rar T a2 Y o Ag+= Ay =% (12a)

equation has to be solved with the boundary conditions r h

A h
9 _ L igze™ atz=F — 1))
az 2

at the bottom and the top, respectively. At the free liquid.

surface at r = a, the kinematic condition is

i _d

3t or atr=a 3)

where {(z,¢) is the free liquid surface displacement above the
equilibrium position 7 = a. The dynamic condition is given by

2
.‘Z?_L<§-+aza_€) =0

tr= 4
a  pa? 0z ar=a @

which, when combined with the kinematic condition, yields
az_‘b_i @i+a2 83(I>>_0
ot pa*\or arazr)

To obtain the velocity potential ®, we have to solve Egs. (1),
(2), and (5) simultaneously.

atr=aq )

II1. Method of Solution
The free vibration problem for such a liquid column has
been presented before.'? It yields the eigenfunctions and the
natural frequencies )

n=12,.. (6

I 2nwa
, _ 0 2nma (4r127r2a2 1\ l( h )
h? / (ana)’

Iy 7

@ =
2n pa 3 h
where [ and I; are modified Bessel functions.

A. Response to Harmonic Excitation

For the solution of the counterdirectional excitation of the
liquid column, we transform the velocity potential & with

2

&(r,z,t) = e’ [\I’(r,z) — 0z, z;] ¢)

which yields for the Laplace equation, Eq. (1), the Poisson
equation

2iQzZ

2y =
v p

®

where the double prime means the second derivative with
respect to r and

4n3y?

” 1 ’
Az,, + - Az,, - —2 AZn = 0 (12b)
r h

which, with the Fourier cosine expansion,

. 2n 7z
i)

have to satisfy the free surface condition, Eq. (10). That is,

hZ h2°° —- 1)
R N Vi

2 —_—
12 = ,2y n?

Z

iDzoh
12

Qo+ —— Ag = atr=a (132)
oa

and

4n 27r2a2> (= 1yiQzeh

e at r=a (13b)

0 ’
2 — —
Q%A,, +pa2 A2”<l 22n?

The prime indicates differentiation with respect to r. The
solutions are given by

A = iz —— (L -1 -—2 | (4a)
=1 an[Z(h/a) (a2 ) pa392(h/a)]

and

2
(=1y- 'i9320h10( "h’")

A " =
() ) 2nma\
72nl, ) (@2, — )

(14b)

h

The velocity potential ®(r,z,¢) is therefore given by the expres-
sion

@(I‘,Z,[) = I.QZ(;EM'(I

r _o 1
2(h/a) (a2 ) 0a’*Q? (h/a)

(= 1y-1, 2nxr 2n7z
(zz/a2)+£2ﬁ i ()< ) cos 7

(h/a) =w%a,y nly (Zn wa

s
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From this velocity potential, all mechanical values of interest
may be obtained by differentiation or integration. The veloc-
ity distribution, for example, is given by

(r/a) + 207
(h/a) T

2nxr 2nnzg
—_ 1)1 -
= (=1 I‘( h >°°S h )

P
u(r,z,t) = ?’Tr = i(ze’™

x Y 16)
T (T - o
h
| 2Az/a) 202
—— ] 2y
w(r,z,t) 7z Q7€ /o) -
2nwr\ . /2nwz
o (—1)"10< 7 sin n
x Y o an
(T wh -

The free surface elevation { is obtained from the kinematic
condition, Eq. (3). It is

+ 2_(22
wa) '

(=17 2nwa cos 2nwz
> "\ & h

x X

= 2
S GRS [T

For very small forcing frequencies, Q«1, the free surface eleva-
tion yields z,e™/(h/a), indicating the change of the equi-
librium location of the free surface.

{(z,1) = Zee'™

(18)

B. Transient Response

For the determination of natural frequencies, a mechanical
system is usually subjected to a forced sweeping experiment in
which the forcing frequency is changed and the response of the
system is measured. During such a change, the system shall
change its motion from the original steady-state condition to
another one. In doing this, it needs time to overcome the
transient motion that is damped out in a short time period.
The time duration for the transient to disappear is of great
interest for the experimenter and necessary for the proper
determination of the experimental results.

For this reason, we subject the liquid column, which is
axially excited by z,e™™', at the time ¢ = 0 to another harmonic
excitation z,e™. To determine the transient motion of the
liquid column, we have to solve the Laplace equation

V22, =0 forr<0 (19a)
and
Vi, =0 fort >0 (19b)
with the boundary conditions
%—? = = i{QyZoe R atz = F¥h/2fort<0 (20a)
0%, o~
i + (2,0 atz= Fh/2fort>0  (20b)
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and the free surface condition

P, o (08, 3 ) .
0 ._pa2< = +a raei) = 0 atr=a( =12 QI

The solution for the time period ¢ < 0 is given by the previous
results and yields a free surface displacement

1 20
+ PR

ﬁ T

@
2nwa 2nnz
(- cos
y i h h
= 2
TG [E

whereas for 1 — oo, we obtain the response of the final free

surface displacement

oz, 1) = Zoe %!

fort<0 (22a)

@ "
)
2nna 2nxz
—1y—1
w (—1) Il< A )cos( h)

x X

=1 2nwa
" nly (T 3 ~ B

(2, 1) = Z,e™f

for t—oo (22b)

The potential ®,(r,z,¢) will compose of the final potential &,
(r,z,t) and the transient potential ® (r,z,#). That is,

®,(r,z,1) = By(r,2,1) + B*(r,27,0)eim! (23)

The final free surface displacement {,(z,#) would be reached
for t — o, provided the liquid exhibits a dissipative character.
Since we treated the liquid as frictionless, its transient re-
sponse will not decay, which is the reason for its time-depen-
dency in Eq. (23). It is in a free oscillation. The solution of

vE* =0
with

4.1
95’—:0 atz = xh/2 (24)
9z ;

is given by

oo

o 2nxr
8*(rz)= ¥ iy ( ’r) cos
) 1

n= h

2nnz
&) e

With the initial condition for the free surface displacement at
t =0 given by

$0(z,0) = £5(z, 0) + {(z, 0) (26)

we obtain, with the kinematic condition, the value of the
integration constants A,,:

(= 1y~ hay, ( 2003 20 >
A2n=
w

2nna 2 - o -
7r2n210< - ) ; 0 @) 3

which, together with {»(z,¢) and Eq. (25), yields the free sur-
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face displacement for the time range ¢ >0. It is

2nrwa 2n«g
—_ -1
2031n2t+2 i ( l)n Il( h >COS< h )

Ll =
han==-"+z & <2n1ra>
nI()
h
20 i ; 2% ;
—— s etﬂzl_elwz,,t 4 . plwpt} f t
[(w%,,—ni)( ), - | for 120

@7n

The velocity distribution, pressure, and liquid force may easily
be obtained by differentiation or integration.

IV. Introduction of Damping

Since we are interested in maximum response amplitudes
and since the liquid was treated here as frictionless, the re-
sponse exhibits singularities in the resonance frequencies ws,.
De facto, these amplitudes are, due to the viscosity of the
liquid (not treated here), of finite magnitude. In order to
account for this fact, we introduce in the resonance terms
(w?, — 9% a damping factor {5, that has to be determined by
experiment., This term (w3, — 0% has then to be replaced by
(w3, — Q% + 2i 55, Qw,y,). This means that the damped free sur-
face elevation is given by

1 22 &
’t — 5.0 _t —
{@0) = 2 h/a 7w =1

(= 1y-11 2nwa cos 2naz\
'\ n h

2, N
nlo( PTEN @By — 02 + 2Ty Quz)

28

h

the velocity distribution in radial direction by

rla 202 &
; ,t - ‘Q' it —_— —
u(r,z,t) = i€ a - =

(= 1y-1] 2nar cos 2n7z
‘\n h

2 N
nly (—”,}’f) (@ ~ @ + 2iFrn Qi)

29

and the velocity distribution in axial direction by

2z/a 20* &
= ;0% | == [ Ep——
Wiz =iz, ha = w W

I gn_ﬂ . [2n=nZ
S 0 S

2 -
nly ("T’"’) (@, — 2 + 20 E20Qan)

(30

In the case of a transient motion, the transient part will decay
as

e Conwanl + iy V1 — 8,= 2’

for subcritical damping (£2, < 1). The transient velocity poten-
tial is therefore given by

- > 2nxwr 2n
820 = Y Bado =Y cos (T2 goant
n=1 h h

- 100.0 \

AN
s0.0f— 1\

‘ W
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Introducing this into the initial condition of the free surface
displacement yields the magnitude of B,,. The free surface
displacement may therefore be expressed as

i 1 202
= of 0
$ofz, 1) = Zoe — +—
oz1) h/a T n=1

2nwa 2nnz
o) (Y {
b ‘(h)‘m(h)

2nwa @31
nh (T (@3, — O + 21850 Dow2s)
for t <0, and
2nwda 2n7z
zzeiﬂzt 2 = (“'1)"—111< A )COS( 7 )
l)=—+—
fi@n h/a =« ngl (Zn 7ra)
nIo
h
I:Zzﬂg(emz’ — g~ bt +im, N1, )
(w%n - Q% + 21'?2,, Qrwan)

+ Zof2} _ e = Sanwant + i VTG, ¢ ] 32)

(@B — D+ 2i T30 Qxizn)

where we obtain for increasing time (# — o) the final response,
Eq. (22b).

V. Numerical Evaluations and Conclusions

Some of the previously obtained analytical results have been
evaluated numerically for some special parameters of the lig-
uid system. The natural frequencies of Eq. (6), w,,/Vd/pa3,
are presented as functions of the aspect ratio #/a of the liquid
bridge. It may be noticed in Fig. 2 that with increasing height
ratio h/a the natural frequencies decrease.

With increasing surface tension, they increase proportional

" to the square root of the surface tension parameter ¢/pa’.

They are, additionally, larger for higher modes. One may also
notice that, in the case of counterdirectional excitation, only
the even natural frequencies w,, appear, whereas in the excita-
tion mode of equal directional excitation of top and bottom of
the liquid bridge only, the odd natural frequencies ws,_,
appear. In the one-sided excitation mode, all natural frequen-
cies w, are present. The response of the free surface elevation
| ¢/Z0¢™| is presented for the height ratio h/a =2 for the
surface tension parameter o/pa® = 1 at the locations z = 0 and
h/4in Figs. 3a-3d. The results are given for z = 0 and various

120.0

NEANEANEAN
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—= hfa

60.0 \ \ wd‘ ) M
. N
NN
40.0 ) \‘mz A
\ n=1 \ \

20.0 A o > =

f Won \\ I

& —]
%% 0.5 1.0 1.5 2.0 2.5 3.0

Fig. 2 Natural frequencies of circular cylindrical column.
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" Fig. 3 Response of the free liquid surface elevation for a liquid column of length & =2a; (a,b) at 2 =0; and (c,d) at z =h/4.
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Fig. 4 Response of the radial velocity component for a liguid column of length # =24; (@) at r =g and z =0; and (b) at z =h/a.

damping factors ¢ = 0.01, 0.05, and 0.1. We note first that the
first resonance peak belonging to the second natural frequency
w, is quite large and sharp (Fig. 3a). The change of the damp-
ing factor from { = 0.01 to 0.05 reduces this peak from about
27z to 5%Z,. With increasing mode number, the resonance
amplitudes decrease and show a wider response branch. For a
more detailed presentation of the first resonance peak at w,,

we show the response in Fig. 3b. Even a large damping of
£=0.1 still exhibits amplitudes of {=~2%, For z=h/4, the
response is presented in Figs. 3c and 3d. We note here that the
resonance frequencies ,, wg, €tc., do not exhibit a response
peak. This is due to the fact that cos (n x/2) vanishes forn =1,
3, 5, etc. The motion of the liquid bridge is symmetric at z = 0.
The response of the radial velocity |u(r,z,t)/iQze™| is pre-
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30.0
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Fig.5 Response of the axial velocity component for liquid column of
length & =2aq at the location r=a and z =h/4.

sented in Figs. 4a and 4b for ¢/pa®=1 and at the locations
r/a=1, z/h =0, and 1/4. Again, the velocity response in the
radial direction shows a large peak at the first resonance (w,)
which is, as in the previous cases, sharply tuned. At r<a, the
amplitudes are smaller according to the radial dependency of
the form of I, 2nxr/h). At z =h/4, the resonance peaks at
w), ws, etc., are missing. Finally, we represent the axial veloc-
ity [w(r,z,£)/iQze™| at the locations z=4/4 and r/a =1 for
o/pa®=1. For z =0and z = h/2, the axial velocity is zero and
(=1), respectively. In Fig. 5, the axial velocity response is
presented for h/a =2 and z = 1/4h. Only the peaks at w;, ws,
etc., appear due to the fact that sin (27/2) vanishes for even
n values (i.e., n =4, 8, ...). For more detail refer to the report
in Ref. 15. ’

In conclusion, we may state the following:

1) The first resonance response w; is sharply tuned and may
in a sweeping experiment be missed by too fast a sweep proce-
dure. ' o

2) Only even natural frequencies appear in the counterdirec-
tional excited liquid column. This is in contrast to the case
where the bottom and top are forced in phase with the same
amplitude. Then only odd natural frequencies are observed.

3) The damping of the liquid column decreases the reso-
nance amplitudes and flattens the response behavior.

J. SPACECRAFT

4) With increasing mode number, the resonance amplitudes
decrease and the width of the response becomes wider.

’

References

!Proceedings of the Third ‘Space Processing Symposium Skylab
Results, NASA-Rept. M, 75.5., Marshall Space Flight Center, AL,
April 30 to May 1, 1974. )

2Da-Riva, 1., and Ruesga, J. M., ‘‘Fluid-Physics-Module Experi-
ments,”” Proceedings of the Second European Symposium on Material
Sciences in Space, Frascati, Italy, ESA-SP-114,-1976, pp. 455-465.

3Meseguer, J., ‘““The Breaking of Axisymmetric Slender Bridges,”
Journal of Fluid Mechanics, Vol. 130, 1983, pp. 123-151.

4Rayleigh, Lord, ‘‘On the Capillary Phenomenon of Jets,”” Pro-
ceedings of the Royal Society (London), Vol. 29, 1879, pp. 71-97.

SLamb, H., Hydrodynamics, 6th ed., Dover Publications, New
York, 1945, pp. 471-475. L

6Rayleigh, Lord, “‘On the Instability of Cylindrical Fluid Sur-
faces,”” Philosophical Magazin, Vol. 34, 1892, pp. 177-180.

"Bauer, H. F., “Natural Damped Frequencies of an Infinitely Long
Column of Immiscible Viscous Liquids,”’ Forschung im Ingenieur-
wesen, Vol. 49, 1983, pp. 117-126.

8Bauer, H. F., “‘Natural Damped Frequencies of an Infinitely Long
Column of Immiscible Viscous Liquids,”* Zeitschrift fiir Angewandte
Mathematik and Mechanik, Vol. 64, 1984, pp. 475-490,

9Rivas, D., and Meseguer, J., ‘‘One-dimensional Self-similar Solu-
tion of the Dynamics of Axisymmetric Slender Liquid Bridges,”” Jour-
nal of Fluid Mechanics, Vol. 138, 1984, pp. 417-429,

0Tomotika, S., ““On the Instability of a Cylindrical Thread of
Viscous Liquid Surrounded by Another Viscous Fluid,’” Proceedings
of the Royal Society A, Vol. 150, 1935, pp. 322-337.

- UBauer, H. F., “Free Surface- and Interface Oscillations of an
Infinitely Long Visco-elastic Liquid Column,” Acta Astronautica,
Vol. 13, 1986, pp. 9-22.

12Bauer, H. F., ““Coupled Oscillations of a Solidly Rotating Liquid
Bridge,’’ Acta Astronautica, Vol. 9, 1982, pp. 547-563.

13Eidel, W., and Bauer, H. F., “Nonlinear Oscillations of an Invis-
cid Liquid Column under Zero Gravity,”’ Ingenieur Archiv, Vol. 58,
1988, pp. 276-284. :

14Bauer, H. F., ‘“Axial Response, Transient and Pulse Behavior of
a Cylindrical Liquid Column in Zero Gravity, Pt. 1,”’ Forschungs-
bericht der Universitat der Bundeswehr Miinchen, LRT-WE-9-FB-9,
1988. )

15Bauer, H. F., “Response of a Liquid Column to Counterdirec-
tional Excitation under Zero Gravity,”” Forschungsbericht der Univer-
sitédt der Bundeswehr Miinchen, LRT-WE-9-FB-6, 1989.

Henry B. Garrett
Associate Editor



